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SPLITTING THEOREMS ON COMPLETE MANIFOLDS WITH
BAKRY-E´MERY CURVATURE
JIA-YONG WU
Abstract. In this paper we study some splitting properties on complete non-
compact manifolds with smooth measures when ∞-dimensional Bakry-E´mery
Ricci curvature is bounded from below by some negative constant and spec-
trum of the weighted Laplacian has a positive lower bound. These results
extend the cases of Ricci curvature and m-dimensional Bakry-E´mery Ricci
curvature.
1. Introduction and main results
Let (M, g) be an n-dimensional complete Riemannian manifold and ϕ be a
smooth function on M . We define the weighted Laplacian
∆ϕ := ∆−∇ϕ · ∇,
which is the infinitesimal generator of the Dirichlet form
E(φ1, φ2) =
∫
M
〈∇φ1,∇φ2〉dµ, ∀φ1, φ2 ∈ C
∞
0 (M),
where µ is an invariant measure of ∆ϕ given by dµ = e
−ϕdv(g). Clearly, the
weighted Laplacian is self-adjoint with respect to the weighted measure dµ and
(M, g, e−ϕdv) is a smooth metric measure spaces. A smooth function u is called
weighted harmonic if ∆ϕu = 0. The first nontrivial eigenvalue of the weighted
Laplacian in (M, g, e−ϕdv) is defined by
λ1(M) := inf
f 6=0
{
E(f, f) :
∫
M
f2dµ = 1,
∫
M
fdµ = 0
}
.
The above infimum can be achieved by some smooth eigenfunction f , which satisfies
the following Euler-Lagrange equation
∆ϕf = −λ1f.
The m-dimensional Bakry-E´mery Ricci curvature (see also [1, 2, 3, 14]) is linked
with the smooth metric measure space (M, g, e−ϕdv), which is defined by
Ricm,n := Ric+Hess(ϕ)−
∇ϕ⊗∇ϕ
m− n
,
where Ric and Hess denote the Ricci curvature and the Hessian of the metric
g, respectively. Here m ≥ n is a constant, and m = n if and only if ϕ is a
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constant [14, 15]. If we let m be infinite, then the m-dimensional Bakry-E´mery
Ricci curvature becomes the ∞-dimensional Bakry-E´mery Ricci curvature
Ric∞ := lim
m→∞
Ricm,n = Ric+Hess(ϕ).
This curvature is closely related to the gradient Ricci soliton
Ric∞ = λg
for some constant λ. The soliton is called expanding, steady and shrinking, accord-
ingly, if λ < 0, λ = 0 and λ > 0, which plays an important role in the theory of
Ricci flows [4]. The gradient Ricci solitons are special solutions of Ricci flows and
often arise from the blow up analysis of the singularities of Ricci flows [9].
If ϕ is constant, the above weighted geometric quantities all return to the classical
case. Taking this point of view, it is natural to ask if classical results involving Ricci
curvature in the geometric analysis remain valid in the Bakry-E´mery curvature
case. Along this direction, a lot of excellent work actually obtained in the past
several years. Interesting generalized results concerning Cheeger-Gromoll splitting
theorems [5, 6] are Cheeger-Gromoll type splitting theorems with Ric∞ ≥ 0 showed
by Wei and Wylie [21] that is originally due to Lichnerowicz. This result was then
improved by Fang, Li and Zhang [8]. Recently Munteanu and Wang [16, 17] studied
function theoretic and spectral properties on complete noncompact smooth metric
measure space with ∞-dimensional Bakry-E´mery Ricci curvature bounded below.
In particular, they obtained some splitting results on complete noncompact gradient
steady and expanding Ricci solitons.
In [20], Wang proved a splitting theorem on complete metric measure spaces with
m-dimensional Bakry-E´mery Ricci curvature bounded below by a negative multiple
of the lower bound of the weighted spectrum. In particular, he proved that
Theorem A. Let (Mn, g, e−ϕdv) be a complete smooth metric measure space of
dimension n ≥ 3 with Ricm,n ≥ −(m− 1). If λ1(M) ≥ (m− 2), then either
(1) M has only one end with infinite weighted volume; or
(2) M = R×N with the warped product metric
ds2M = dt
2 + cosh2 tds2N ,
where N is an (n− 1)-dimensional compact Riemannian manifold. In this
case, λ1(M) = m− 2.
This result extended Li-Wang’s theorem [12] to the weighted measure case. If
λ1(M) > (m−2), Theorem A asserts thatM has only one end with infinite weighted
volume. Naturally, we may ask if finite weighted volume ends can be ruled out in
this case. In [24], the author proved that there exists an example to indicate that
finite weighted volume ends can exist in Theorem A. Moreover this example seems
to be the only case when M has a finite weighted volume end if the weighted
eigenvalue has an optimal positive lower bound and m-dimensional Bakry-E´mery
Ricci curvature is bounded below by some negative constant. Precisely,
Theorem B. Let (Mn, g, e−ϕdv) be a complete smooth metric measure space of
dimension n ≥ 3 with Ricm,n ≥ −(m− 1). If λ1(M) ≥
(m−1)2
4 , then either
(1) M has only one end; or
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(2) M = R×N with the warped product metric
ds2M = dt
2 + exp(−2t)ds2N
where N is an (n− 1)-dimensional compact manifold. Moreover,
ϕ(t, x) = ϕ(0, x) + (m− n)t
for all (t, x) ∈ R×N .
Theorem B was also independently proved by Su and Zhang [18]. This result
can also be viewed as a weighted version of Li-Wang’s theorem [13]. In [22] (see
also [19]) we know that if Ricm,n ≥ −(m − 1), then λ1(M) ≤
(m−1)2
4 . Hence the
eigenvalue assumption in Theorem B is, in fact that λ1(M) =
(m−1)2
4 .
In this paper, we continue our study of splitting type theorems for a smooth
metric measure space, now under slight different assumption that its∞-dimensional
Bakry-E´mery Ricci curvature is bounded from below. The main result is
Theorem 1.1. Let (Mn, g, e−ϕdv) be a complete smooth metric measure space of
dimension n ≥ 3 with Ric∞ ≥ −(n − 1). Assume that |∇ϕ| ≤ θ for some positive
constant θ. For any k > n, if
λ1(M) ≥
k − 2
k − 1
(
θ2
k − n
+ n− 1
)
,
then either
(1) M has only one end with infinite weighted volume; or
(2) M = R×N with the warped product metric
(1) ds2M = dt
2 + cosh2
[√
θ2
(k − 1)(k − n)
+
n− 1
k − 1
t
]
ds2N ,
where N is an (n− 1)-dimensional compact Riemannian manifold. In this
case, λ1(M) =
k−2
k−1
(
θ2
k−n + n− 1
)
.
In Theorem 1.1, if θ = 0, by letting k → n, we then have Li-Wang’s theorem
[12]. In particular, if we let k = n+ θ, then we have a explicit version.
Corollary 1.2. Let (Mn, g, e−ϕdv) be a complete smooth metric measure space of
dimension n ≥ 3 with Ric∞ ≥ −(n − 1). Assume that |∇ϕ| ≤ θ for some positive
constant θ. If λ1(M) ≥ n− 2 + θ, then either
(1) M has only one end with infinite weighted volume; or
(2) M = R×N with the warped product metric
(2) ds2M = dt
2 + cosh2 tds2N ,
where N is an (n− 1)-dimensional compact Riemannian manifold. In this
case, λ1(M) = n− 2 + θ.
A natural question as above discussions is that if finite weighted volume ends can
be excluded in Corollary 1.2. Similar to Theorem B, we assert that finite weighted
volume ends in Corollary 1.2 may occur by the following example.
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Example 1.3. Consider the n-dimensional complete manifold M = R×N endowed
with the warped product metric
ds2M = dt
2 + exp(−2t)ds2N .
If {e¯α} for α = 2, ..., n form an orthonormal basis of the tangent space of N , then
e1 =
∂
∂t together with {eα = exp(−t)e¯α} form an orthonormal basis for the tangent
space of M . By the standard computation,
RicM,1j = −(n− 1)δ1j
and
RicM,αβ = exp(2t)RicN,αβ − (n− 1)δαβ .
If we let the weighted function ϕ := θt, then the ∞-dimensional Bakry-E´mery Ricci
curvature of M is
Ric∞,1j = RicM,1j + ϕ1j = −(n− 1)δ1j
and
Ric∞,αβ = exp(2t)RicN,αβ − (n− 1)δαβ .
Clearly, RicN ≥ 0 if and only if Ric∞ ≥ −(n− 1). Moreover, we claim that
λ1(M) =
(n− 1 + θ)2
4
.
Indeed, we may choose the function
f = exp
(
n− 1 + θ
2
t
)
.
A direct computation yields that
∆ϕf =
d2f
dt2
− (n− 1)
df
dt
−
dϕ
dt
·
df
dt
= −
(n− 1 + θ)2
4
f,
since ∆ = ∂
2
∂t2 − (n− 1)
∂
∂t + exp(2t)∆N . So we have λ1(M) ≥
(n−1+θ)2
4 by Propo-
sition 1.4 of [23]. Combining this and Theorem C, we immediately conclude that
λ1(M) =
(n−1+θ)2
4 as claimed.
We can show that the above result is the only case (possible with different
weighted function) when M has a finite weighted volume end if M achieves an
optimal positive lower bound of the weighted spectrum.
Theorem 1.4. Let (Mn, g, e−ϕdv) be a complete smooth metric measure space of
dimension n ≥ 3 with Ric∞ ≥ −(n − 1). Assume that |∇ϕ| ≤ θ for some positive
constant θ. If λ1(M) ≥
(n−1+θ)2
4 , then either
(1) M has only one end; or
(2) M = R×N with the warped product metric
ds2M = dt
2 + exp(−2t)ds2N ,
where N is an (n−1)-dimensional compact manifold with nonnegative Ricci
curvature. Moreover,
ϕ(t, x) = ϕ(0, x) + θt
for all (t, x) ∈ R×N .
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We remark that the assumption on λ1(M) in Theorem 1.4 in fact only occurs
on the equality case due to the following result (see Theorem 1.1 in [23]), which is
a generalization of Cheng’s eigenvalue estimate [7].
Theorem C. Let (Mn, g, e−ϕdv) be a complete smooth metric measure space of
dimension n ≥ 2 with Ric∞ ≥ −(n − 1). Assume that |∇ϕ| ≤ θ for some positive
constant θ. Then
λ1(M) ≤
(n− 1 + θ)2
4
.
Moreover, if f be a positive function satisfying
∆ϕf = −λf
for some constant λ ≥ 0, then f must satisfy the gradient estimate
|∇ ln f |2 ≤
(n− 1 + θ)2
2
− λ+
√
(n− 1 + θ)4
4
− (n− 1 + θ)2λ.
After we have finished the proof of Theorem 1.1, we saw that Su-Zhang [18] and
Munteanu-Wang [17] have independently proved Theorem 1.4. We include it for
completeness. Our proof may be slight different from theirs. Here our approach
mainly follows the same spirit of proving Theorem 1.5 in [24].
2. Basic definitions and lemmas
In this section, we will summarize some definitions and basic results on a com-
plete smooth metric measure space (Mn, g, e−ϕdv). For proofs and further details
we refer to [20] and [24].
Definition 2.1. Let (Mn, g, e−ϕdv) be a complete smooth metric measure space.
A weighted Green’s function Gϕ(x, y) is a function defined on (M ×M)\{(x, x)}
satisfying Gϕ(x, y) = Gϕ(y, x) and ∆ϕ,yG(x, y) = −δϕ,x(y) for all x 6= y, where
δϕ,x(y) is defined by ∫
M
ψ(y)δϕ,x(y)dµ = ψ(x)
for every compactly supported function ψ.
Definition 2.2. A complete smooth metric measure manifold (M, g, e−ϕdv) is said
to be weighted non-parabolic if it admits a positive weighted Green’s function. Oth-
erwise, it is said to be weighted parabolic.
Definition 2.3. An end, E, with respect to a compact subset Ω ⊂ M is an un-
bounded connected component of M \ Ω. The number of ends with respect of Ω,
denoted by NΩ(M), is the number of unbounded connected component of M \ Ω.
In general, when we say that E is an end we mean that it is an end with respect
to some compact subset Ω. In particular, its boundary ∂E is given by ∂Ω ∩ E¯.
Definition 2.4. An end E is said to be weighted non-parabolic if it admits a positive
weighted Green’s function with Neumann boundary condition on ∂E. Otherwise, it
is said to be weighted parabolic.
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Following similar arguments of Li-Tam [11], we can verify that a complete
measure manifold is weighted non-parabolic if and only if it has a weighted non-
parabolic end. Of course, it is possible for a weighted non-parabolic measure man-
ifold to have many weighted parabolic ends.
As similar discussions in Li-Tam [11], we know that an end E with respect to the
compact set Bp(R0) is weighted non-parabolic if and only if there exists a sequence
of positive weighted harmonic functions fi, defined on Ep(Ri) = E ∩ Bp(Ri) for
R0 < R1 < R2 < · · · → ∞, satisfying fi = 1 on ∂E and fi = 0 on ∂Bp(Ri) ∩ E,
where fi is called to be a barrier function of E. Moreover the sequence fi converges
uniformly on compact subsets of E ∪ ∂E to a minimal barrier function f , and f
has finite weighted Dirichlet integral on E.
If E be a weighted parabolic end with respect to Bp(R0), then there exists
a sequence of positive weighted harmonic functions gi, defined on Ep(Ri) and the
sequence of constants Ci →∞, satisfying gi = 0 on ∂E and gi = Ci on ∂Bp(Ri)∩E.
Moreover the sequence gi converges uniformly on compact subsets of E ∩ ∂E to a
positive weighted function g, satisfying g = 0 on ∂E and supy∈E g =∞.
Now we give a decay estimate for weighted harmonic functions on a weighted
non-parabolic end of a smooth metric measure space, which is a slight generalization
of Lemma 1.1 in [12].
Lemma 2.5. Let (Mn, g, e−ϕdv) be a complete smooth metric measure space of
dimension n with λ1(M) > 0. Assume that E is a weighted non-parabolic end of
M . Then any weighted harmonic function f on E satisfies the decay estimate∫
E(R+1)\E(R)
f2dµ ≤ C exp(−2
√
λ1(M)R)
for some constant C > 0 depending on f , λ1(M) and n, where Bp(R) denotes a
geodesic ball centered at some fixed point p ∈ M with radius R > 0, and E(R) =
Bp(R) ∩E.
The following lemma is an characterization for an end by its weighted volume.
Here we let E be an end of M , and let Vϕ(E) be the simply weighted volume of
end E. We denote the weighted volume of the set E(R) by Vϕ(E(R)).
Lemma 2.6. Let (Mn, g, e−ϕdv) be a complete smooth metric measure space of
dimension n ≥ 2, satisfying |∇ϕ| ≤ θ for some positive constant θ. Assume that
λ1(M) ≥
(n−1+θ)2
4 .
(1) If E is a weighted parabolic end, then
Vϕ(E)− Vϕ(E(R)) ≤ C exp(−(n− 1 + θ)R)
for some constant C > 0 depending on E, where R > 0 is large enough.
(2) If E is a weighted non-parabolic end, then
Vϕ(E(R)) ≥ C exp((n− 1 + θ)R)
for some constant C > 0 depending on E, where R > 0 is large enough.
Remark 2.7. Lemma 2.6 can be viewed as a refined version of eigenvalue estimate
in Theorem C. Indeed, if Ric∞ ≥ −(n− 1) and |∇ϕ| ≤ θ for constant θ > 0, then
the weighted Bishop volume comparison theorem (Theorem 1.2 in [21]) asserts that
Vϕ(Bp(R)) ≤ C exp(θR) · VHn(Bp(R)) ≤ C exp((n− 1 + θ)R).
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Combining this and Lemma 2.6, we conclude that
λ1(M) ≤
(n− 1 + θ)2
4
,
as asserted in Theorem C. Regarding this, we think that this trick is an effective
method for the first eigenvalue upper estimate on complete manifolds.
On the other hand, if Ric∞ ≥ −(n − 1) and |∇ϕ| ≤ θ for constant θ > 0, then
the weighted Bishop volume comparison theorem, asserts that for any x ∈ M and
R1 < R2,
Vϕ(Bx(R2))
Vϕ(Bx(R1))
≤ eθR2
VHn(B(R2))
VHn(B(R1))
,
where Vϕ(Bx(R)) =
∫
Bx(R)
e−ϕdv(g) denotes the weighted volume of the geodesic
ball Bx(R), and VHn(B(R)) denotes the volume of a geodesic ball of radius R in the
n-dimensional hyperbolic space form Hn with constant curvature −1. In particular,
if we let x = p, R1 = 0 and R2 = R, then
(3) Vϕ(Bp(R)) ≤ C exp((n− 1 + θ)R)
for sufficiently large R. If we let x ∈ ∂Bp(R), R1 = 1 and R2 = R+ 1, then
(4)
Vϕ(Bx(1)) ≥ CVϕ(Bx(R + 1)) exp(−θ) exp(−(n− 1 + θ)R)
≥ C exp(−θ)Vϕ(Bp(1)) exp(−(n− 1 + θ)R).
Combining (3), (4) and Lemma 2.6 immediately yields that
Corollary 2.8. Let (Mn, g, e−ϕdv) be a complete smooth metric measure space of
dimension n ≥ 2, satisfying |∇ϕ| ≤ θ for some positive constant θ. Assume that
λ1(M) ≥
(n−1+θ)2
4 .
(1) If E is a weighted-parabolic end, then E must have exponential weighted
volume decay given by
C4 exp(−(n− 1 + θ)R) ≤ Vϕ(E) − Vϕ(E(R)) ≤ C1 exp(−(n− 1 + θ)R)
for some constant C1 ≥ C4 > 0 depending on E and θ, where R > 0 is
large enough.
(2) If E is a weighted-non-parabolic end, then E must have exponential volume
growth given by
C3 exp((n− 1 + θ)R) ≥ Vϕ(E) ≥ C2 exp((n− 1 + θ)R)
for some constant C3 ≥ C2 > 0 depending on E, where R > 0 is large
enough.
Besides the above properties, we can also confirm that if the spectrum of the
weighted Laplacian has a positive lower bound, then an end is weighted non-
parabolic if and only if its weighted volume is infinite (see also [20]).
3. Generalized Bochner formula
In this section, we will give an improved version of the Bochner formula for
weighted harmonic functions, which is a mild generalization of the case of harmonic
functions due to Yau [25].
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Theorem 3.1. Let (Mn, g, e−ϕdv) be a complete smooth metric measure space of
dimension n ≥ 2 with Ric∞ ≥ −(n − 1). Assume that |∇ϕ| ≤ θ for some positive
constant θ and f is a weighted harmonic function. For any constants k > n and p,
∆ϕ|∇f |
p ≥
1
p
(
k
k − 1
+ p− 2
)
|∇f |−p(∇|∇f |p)2 − p
(
θ2
k − n
+ n− 1
)
|∇f |p.
In particular, if p = k−2k−1 , then
(5) ∆ϕ|∇f |
p ≥ −
k − 2
k − 1
(
θ2
k − n
+ n− 1
)
|∇f |p.
Proof of Theorem 3.1. The proof is similar to the proof of Lemma 7.2 in [10].
Choose a local orthogonal frame {e1, e2, ..., en} near any such given point so that
at the given point ∇f = |∇f |e1. Since f is a weighted harmonic function and
Ric∞ ≥ −(n− 1), we compute that
(6)
∆ϕ|∇f |
2 = ∆|∇f |2 − 〈∇ϕ,∇|∇f |2〉
= 2f2ij + 2(Rij +∇
2ϕ)fifj
≥ 2f2ij − 2(n− 1)|∇f |
2.
Notice that
(7)
∣∣∣∇ |∇f |2∣∣∣2 = 4 n∑
j=1
(
n∑
i=1
fifij
)2
= 4f21 ·
n∑
i=1
f21i = 4 |∇f |
2
·
n∑
i=1
f21i.
and
(8)
f2ij ≥ f
2
11 + 2
n∑
α=2
f21α +
n∑
α=2
f2αα
≥ f211 + 2
n∑
α=2
f21α +
1
n− 1
(
n∑
α=2
fαα
)2
= f211 + 2
n∑
α=2
f21α +
1
n− 1
(∆f − f11)
2
= f211 + 2
n∑
α=2
f21α +
1
n− 1
(ϕifi − f11)
2
≥ f211 + 2
n∑
α=2
f21α +
1
n− 1
[
f211
1 + k−nn−1
−
(ϕifi)
2
k−n
n−1
]
≥
k
k − 1
n∑
j=1
f21j −
θ2
k − n
|∇f |2
for any constant k > n, where we used the following inequality:
(a+ b)2 ≥
a2
1 + δ
−
b2
δ
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for any δ > 0. Therefore
∆ϕ|∇f |
2 ≥
k
2(k − 1)
|∇f |−2|∇|∇f |2|2 − 2
(
θ2
k − n
+ n− 1
)
|∇f |2
=
2k
k − 1
|∇|∇f ||2 − 2
(
θ2
k − n
+ n− 1
)
|∇f |2.
Since
∇|∇f |p =
p
2
|∇f |p−2∇|∇f |2 and ∇|∇f |2 = 2∇|∇f | · ∇|∇f |,
we have that
∆ϕ|∇f |
p =
1
p
(p− 2)|∇f |−p(∇|∇f |p)2 +
p
2
|∇f |p−2∆ϕ|∇f |
2
≥
1
p
(p− 2)|∇f |−p(∇|∇f |p)2
+
p
2
|∇f |p−2
[
2k|∇f |2−2p
p2(k − 1)
(∇|∇f |p)2 − 2
(
θ2
k − n
+ n− 1
)
|∇f |2
]
=
1
p
(
k
k − 1
+ p− 2
)
|∇f |−p(∇|∇f |p)2 − p
(
θ2
k − n
+ n− 1
)
|∇f |p.
Letting p = k−2k−1 in the above inequality yields (5). 
4. Proof of Theorem 1.1
In this section, we will prove Theorem 1.1 stated in introduction. Here we mainly
follow the arguments of Li-Wang [12].
Proof of Theorem 1.1. Assume that M has at least two weighted non-parabolic
ends. By the construction described in Section 2, there exists a nonconstant
weighted harmonic function f with finite weighted Dirichlet integral on M . Let
g be the function defined by
g := |∇f |
k−2
k−1 ,
where k > n is a constant. By Theorem 3.1, we have
(9) ∆ϕg ≥ −
k − 2
k − 1
(
θ2
k − n
+ n− 1
)
g.
In the following we claim that the function g satisfies
(10)
∫
Bp(2R)\Bp(R)
g2dµ→ 0
for R large enough. To prove this claim, firstly, we see that
(11)
∫
Bp(2R)\Bp(R)
g2dµ ≤
(∫
Bp(2R)\Bp(R)
exp
(
2
√
λ1r
)
|∇f |2dµ
) k−2
k−1
×
(∫
Bp(2R)\Bp(R)
exp
(
−2(k − 2)
√
λ1r
)
dµ
) 1
k−1
,
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where we used the Holder inequality. In the following, we shall estimate the right
hand side of (11). On one hand, since the weighted volume comparison theorem
[21] asserts that
Aϕ(Bp(r)) ≤ exp(θr) · AHn(Bp(r)),
using this, we have
(12)
∫
Bp(2R)\Bp(R)
exp
(
−2(k − 2)
√
λ1r
)
dµ
≤ C
∫ 2R
R
exp
(
−2(k − 2)
√
λ1r
)
exp(θr) · exp((n− 1)r)dr
= C
∫ 2R
R
exp
[(
n− 1 + θ − 2(k − 2)
√
λ1
)
r
]
dr
Noticing
λ1(M) ≥
k − 2
k − 1
(
θ2
k − n
+ n− 1
)
,
and k > n ≥ 3, by Appendix 6, we conclude that
n− 1 + θ − 2(k − 2)
√
λ1 < 0
and therefore the right hand side of (12) exponentially decays to 0. On the other
hand, since we have assume that M has at least two weighted non-parabolic ends,
by Lemma 2.4 in [20], we have the following decay estimate∫
Bp(2R)\Bp(R)
exp
(
2
√
λ1r
)
|∇f |2dµ ≤ CR.
Combining this and (12), we confirm our claim (10).
Next step, we consider a smooth compactly supported function ψ on M , satis-
fying
(13) ψ(x) =


1 x ∈ Bp(R)
|∇ψ| ≤
C
R
x ∈ Bp(2R) \Bp(R)
0 x 6∈ Bp(2R).
Then we have
(14)
∫
M
|∇(ψg)|2dµ =
∫
M
|∇ψ|2g2dµ+
∫
M
ψ2|∇g|2dµ+ 2
∫
M
ψg∇ψ∇gdµ.
Since
2
∫
M
ψg∇ψ∇gdµ = −
∫
M
ψ2|∇g|2dµ−
∫
M
ψ2g∆ϕgdµ,
by (14), we have
(15)
∫
M
|∇(ψg)|2dµ =
∫
M
|∇ψ|2g2dµ−
∫
M
ψ2g∆ϕgdµ
=
∫
M
|∇ψ|2g2dµ+
k − 2
k − 1
(
θ2
k − n
+ n− 1
)∫
M
ψ2g2
−
∫
M
ψ2g
[
k − 2
k − 1
(
θ2
k − n
+ n− 1
)
g +∆ϕg
]
dµ.
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Since
λ1(M) ≥
k − 2
k − 1
(
θ2
k − n
+ n− 1
)
,
the variational property of λ1(M) gives
k − 2
k − 1
(
θ2
k − n
+ n− 1
)∫
M
ψ2g2dµ ≤
∫
M
|∇(ψg)|2dµ.
Substituting this into (15) yields
(16)
∫
M
ψ2g
[
k − 2
k − 1
(
θ2
k − n
+ n− 1
)
g +∆ϕg
]
dµ ≤
∫
M
|∇ψ|2g2dµ.
We also note that the cut-function ψ is the form of (13), and the right hand side
of (16) can be estimated by∫
M
|∇ψ|2g2dµ ≤
C
R2
∫
Bp(2R)\Bp(R)
g2dµ.
By our claim (10), we know the right hand side of integral tends to 0 as R → ∞.
Combining this with (9) we conclude that g either be to 0 or it satisfies
∆ϕg = −
k − 2
k − 1
(
θ2
k − n
+ n− 1
)
g.
By the construction of the weighted harmonic function f , if M has more than one
weighted non-parabolic end, then function f must be non-constant, hence g 6= 0.
So all the inequalities used to derive (9) are equalities. In particular, from (8) we
conclude that
fij = 0, i 6= j and fαα = ρ, 2 ≤ α ≤ n.
The equality case of (9) also implies that
|∇ϕ| = θ and f11 =
k − 1
k − n
〈∇f,∇ϕ〉.
Since ∆ϕf = 0, we also have
f11 + (n− 1)ρ = 〈∇f,∇ϕ〉.
From above equalities, we derive that
(17) f11 = −(k − 1)ρ and 〈∇f,∇ϕ〉 = −(k − n)ρ.
Using the fact that f1α = 0 for all α 6= 1, we conclude that |∇f | is identically
constant along the level set of f . In particular, the level sets of |∇f | and f coincide.
Moreover,
ρδαβ = fαβ = IIαβf1,
where (IIαβ) is the second fundamental form of the level sets of f . From this, we
also have
(18) f11 = −
k − 1
n− 1
Hf1,
where H denotes the mean curvature of the level sets of f . Applying the same
computation to the function g, we have
(19) −
k − 2
k − 1
(
θ2
k − n
+ n− 1
)
g = ∆ϕg = g11 +Hg1 − 〈∇g,∇ϕ〉.
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Here since g = |∇f |
k−2
k−1 , we have
g1 =
(
|∇f |
k−2
k−1
)
1
=
k − 2
k − 1
|∇f |−
k
k−1 fjfj1 =
k − 2
k − 1
f
− 1
k−1
1 f11.
Combining this with (18) yields
(20) H = −
n− 1
k − 2
g1g
−1.
Meanwhile, by the above equality, (17) and (18) we have
ϕ1 =
k − n
k − 2
g1g
−1.
Plugging the above two relations into (19), we conclude that
g11 −
k − 1
k − 2
g21g
−1 +
k − 2
k − 1
(
θ2
k − n
+ n− 1
)
g = 0.
Letting
u := g−
1
k−2 = |∇f |−
1
k−1 ,
the above equation becomes
u11 −
1
k − 1
(
θ2
k − n
+ n− 1
)
u = 0.
This equation can be regarded as as an ordinary differential equation along the
integral curve generated by the vector field e1. Hence
u(t) = A exp
[√
K(k, n, θ) t
]
+B exp
[
−
√
K(k, n, θ) t
]
,
where A and B are nonnegative constants, and K(k, n, θ) := 1k−1
(
θ2
k−n + n− 1
)
.
Since M has at least two weighted non-parabolic ends by the assumption of
theorem, we claim that any fixed level set N of |∇f | must be compact. Indeed,
The facts that f has no critical points and that the level set of f coincides with
the level set of |∇f | lead to the splitting of M as a warped product R × N . Here
the manifold N is necessarily compact due to the fact that M is assumed to have
at least two ends. Since ∫
M
|∇f |2dµ < +∞,
we conclude that |∇f | must have an interior maximum, saying ∇f = 1. Now we fix
N = {|∇f | = 1} and then u must have its minimum along N . By reparameterizing,
we assume N is given by t = 0. So
0 = u′(0) = A−B and 1 = u(0) = A+B.
This gives us
u(t) = cosh
[√
K(k, n, θ) t
]
and
g(t) = cosh−(k−2)
[√
K(k, n, θ) t
]
.
Substituting this into (20), we have
H(t) = (n− 1)
√
K(k, n, θ) tanh
[√
K(k, n, θ) t
]
and
hαβ(t) =
√
K(k, n, θ) tanh
[√
K(k, n, θ) t
]
δαβ
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This implies that the metric on M = R×N must be of the form (1). 
5. Proof of Theorem 1.4
We now follow the lines of [24] and prove Theorem 1.4 given in introduction.
The proof method belongs to Li-Wang [13].
Proof of Theorem 1.4. Since manifold M satisfies the hypothesis of Theorem 1.4,
Corollary 1.2 asserted that M must have only one infinite weighted volume end
because the warped product with the metric given by
ds2M = dt
2 + cosh tds2N
has λ1(M) = n − 2 + θ. Now we assume that manifold M has a finite weighted
volume end. Since λ1(M) > 0, M must also have an infinite weighted volume end.
By choosing the compact set D appropriately, we may assume that M\D has one
infinite weighted volume, weighted non-parabolic end E1 and one finite weighted
volume, weighted parabolic end E2.
Following similar Li-Tam’s arguments [11], there exists a positive weighted har-
monic function f , satisfying inf∂E1(R) → 0 as R →∞, sup∂E2(R) → ∞ as R → ∞
and f has finite weighted Dirichlet integral on E1. Meanwhile f satisfies the fol-
lowing gradient estimate of Theorem C
|∇f |2 ≤ (n− 1 + θ)2f2.
Since function f is weighted harmonic, we have
(21) ∆ϕf
1/2 = −
1
4
f−3/2|∇f |2 ≤ −
(n− 1 + θ)2
4
f1/2.
If we let h = f1/2, then for any nonnegative cut-off function ψ, we have
(22)
∫
M
|∇(ψh)|2dµ =
∫
M
|∇ψ|2h2dµ+
∫
M
ψ2|∇h|2dµ+ 2
∫
M
ψh∇ψ∇hdµ.
Since∫
M
ψh∇ψ∇hdµ = −
∫
M
ψ∇ψh∇hdµ−
∫
M
ψ2|∇h|2dµ−
∫
M
ψ2h∆ϕhdµ,
the integral equality (22) reduces to
(23)
∫
M
|∇(ψh)|2dµ =
∫
M
|∇ψ|2h2dµ−
∫
M
ψ2h∆ϕhdµ
=
∫
M
|∇ψ|2h2dµ+
(n− 1 + θ)2
4
∫
M
ψ2h2
−
∫
M
ψ2h
[
(n− 1 + θ)2
4
h+∆ϕh
]
dµ.
Since λ1(M) ≥
(n−1+θ)2
4 , from the definition of λ1(M), we have
(n− 1 + θ)2
4
∫
M
ψ2h2dµ ≤
∫
M
|∇(ψh)|2dµ.
Hence
(24)
∫
M
ψ2h
[
(n− 1 + θ)2
4
h+∆ϕh
]
dµ ≤
∫
M
|∇ψ|2h2dµ.
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Integrating the gradient estimate of Theorem C along geodesics, we know that
f must satisfy the growth estimate
f(x) ≤ C exp((n− 1 + θ)r(x)),
where r(x) is the geodesic distance from x to a fixed point p ∈ M . In particular,
when restricted on the parabolic end E2, together with the volume estimate of
Lemma 2.6, we conclude that
(25)
∫
E2(R)
fdµ ≤ CR.
On the other hand, by Lemma 2.5, function f must satisfy the decay estimate on
E1 ∫
E1(R+1)\E1(R)
f2dµ ≤ C exp(−(n− 1 + θ)R)
for R sufficiently large. By the Schwarz inequality, we have∫
E1(R+1)\E1(R)
fdµ ≤ C exp
(
−
n− 1 + θ
2
R
)
V
1/2
ϕE1
(R+ 1)
where VϕE1(r) denotes the weighted volume of E1(r). Combining this with the
volume estimate of Corollary 2.8, we have that∫
E1(R+1)\E1(R)
fdµ ≤ C
for some constant C independent of R. In particular, we have∫
E1(R)
fdµ ≤ CR.
Combining this with (25), we conclude that
(26)
∫
Bp(R)
fdµ ≤ CR.
Now we define the cut-off function ψ on M in (24) by
ψ(x) =


1 x ∈ Bp(R)
2R− r
R
x ∈ Bp(2R) \Bp(R)
0 x 6∈ Bp(2R).
Hence the right hand side of (24) is given by∫
M
|∇ψ|2h2dµ = R−2
∫
Bp(2R)\Bp(R)
h2dµ
and (26) implies ∫
M
|∇ψ|2h2dµ→ 0
as R→∞. Therefore we obtain
∆ϕh = −
(n− 1 + θ)2
4
h
and inequality (21) used in the above argument is an equality. In particular,
|∇f | = (n− 1 + θ)f
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and hence
(27) |∇(ln f)|2 = (n− 1 + θ)2.
Therefore inequalities used to prove the gradient estimate of Theorem C are all
equalities. More precisely, we must have equality (2.8) in [23] since
∆ϕ|∇(ln f)|
2 = ∆|∇(ln f)|2 −∇ϕ · ∇|∇(ln f)|2 = ∇|∇(ln f)|2 = 0.
Furthermore, inequalities used to derive (2.8) in [23] must all be equalities. More
specifically, equality (2.5) in [23] implies
(ln f)1j = 0
for all 1 ≤ j ≤ n; whereas the equality of estimate term h2ij in [23] gives
(28) 〈∇ϕ,∇ ln f〉 = (n− 1 + θ)θ
and
(ln f)αβ = −(n− 1 + θ)δαβ
for all 2 ≤ α, β ≤ n. Since e1 is the unit normal to the level set of ln f , the second
fundamental form II of the level set is given by
IIαβ =
(ln f)αβ
(ln f)1
=
−(n− 1 + θ)δαβ
n− 1 + θ
= −δαβ.
Moreover, (27) implies that if we set t = ln fn−1+θ , then t must be the distance
function between the level sets of f , hence also for ln f . Since IIαβ = (−δαβ), this
implies that the metric on M can be written as
ds2M = dt
2 + exp(−2t)ds2N .
By (28), we also have
ϕ(t, x) = ϕ(0, x) + θt,
where (t, x) ∈ R×N . Since we assume that the manifold M has two ends, N must
be compact. A direct computation shows that the condition RicM ≥ −(n − 1)
implies that RicN ≥ 0. This completes the proof of theorem. 
6. Appendix
In this part we will prove the following fact:
Proposition 6.1. if k > n ≥ 3 and
(29) λ1(M) ≥
k − 2
k − 1
(
θ2
k − n
+ n− 1
)
,
then we have
n− 1 + θ − 2(k − 2)
√
λ1 < 0.
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Proof. Indeed, we only need to confirm that
2(k − 2)
√
λ1 > n− 1 + θ.
That is,
4(k − 2)2λ1 > (n− 1 + θ)
2.
We also notice that (29). Hence if we can prove
4(k − 2)2
k − 2
k − 1
(
θ2
k − n
+ n− 1
)
> (n− 1 + θ)2,
then the desired conclusion follows. For the above inequality, rearranging terms
gives[
4(k − 2)3
(k − 1)(k − n)
− 1
]
θ2 − 2(n− 1)θ +
[
4(k − 2)3(n− 1)
k − 1
− (n− 1)2
]
> 0.
This is a quadratic inequality in θ. We assert that this inequality is always true.
Because when k > n ≥ 3, we have
4(k − 2)3
(k − 1)(k − n)
− 1 > 0
and
4(n− 1)2 − 4
[
4(k − 2)3
(k − 1)(k − n)
− 1
] [
4(k − 2)3(n− 1)
k − 1
− (n− 1)2
]
=
16(k − 2)3(n− 1)
(k − 1)2(k − n)
[
−4(k − 2)3 + (k − 1)2
]
< 0.
This proves the proposition. 
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